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Abstract
A critical discussion on non-linear steady-state concentration profiles for hydrogen diffusion in elastic metallic membranes, proposed by
other authors, is provided based on mathematical analysis and numerical simulation. It is shown that the non-linear distribution is
non-existent and the linear form is the only solution for the ideal solid solution phase.  2000 Elsevier Science S.A. All rights reserved.
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Along with the discovery of up-hill diffusion effect in
hydrogen permeable metals by Lewis et al. [1], there has
been much theoretical work concentrated on the aspects of
stresses induced by hydrogen (interstitial) diffusion in
metals (solids) [2–13]. In the field, an interesting phenomenon, which has given rise to much controversy, is the
steady-state concentration distribution of hydrogen in
diffusion membranes for the ideal solid solution of hydrogen in metals [2,6–12]. Li [2] and Baranowski [9] predicted that a linear form is the natural result. Furthermore,
Baranowski [10] proved that the linear solution is in favor
of the minimum entropy production principle. Nevertheless, Kandasamy [6] proposed the existence of non-linear
distribution and it was verified by numerical simulation
performed by Simon and Grzywna [11]. Moreover, Kandasamy [8] considered a quadratic profile to fit the nonlinear solution but it was later criticized by Simon [12],
although the same conclusion has been obtained by
Baranowski [10] as early as 1992. What causes the
confusion is that some experimental results [14–20] support the concept of non-linear distribution. So the steady
distribution of hydrogen concentration in elastic membranes becomes a problem that needs to be clarified
further.
In this note, we will prove that the linear profile of
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hydrogen concentration is the only solution under steadystate diffusion using the analytical and numerical method.
The non-linear form put forward by other authors
[6,7,11,12] is unrealistic and the corresponding experimental evidences [14–20] are ambiguous.
Similar to the model and assumption used in previous
papers [2–13], we consider hydrogen diffusion across a
thin plate that allows our analysis to be reduced to a
one-dimensional problem (Fig. 1). Hydrogen permeation
flux for the dilute solid solution phase of hydrogen in the
metal has the form [3–12]:
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where D is the hydrogen diffusion coefficient; x is atomic
ratio of hydrogen to metal atoms; C0 is the hydrogen
concentration when x51; L is the thickness of the plate; z
is the coordinate along the diffusion direction; the upstream side is z50 and the downstream side is z5L; VH is
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the assumption that x 5 x R at z5L, integrating Eq. (1) by
separation of variables leads to:
A2 (1 2 z /L) 5 A(x 2 x R )
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For extracting A, we first prove that A.0. Eq. (3) may be
transformed into the form:
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Because x(z) decreases monotonically with the increase of
z at present, there is x(z) 2 x(1 2 z) . 0, when 0#z,L / 2,
hence A.0.
Integrating Eq. (6) with a weight factor 2 12(z 2 L / 2) /
L 2 over the range 0#z#L, the contributions originating
from A2 (1 2 z /L) and A(x 2 x R ) cancel each other. This
leads to:
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Fig. 1. Schematic picture of hydrogen diffusion across a metallic
membrane. x is atomic ratio of hydrogen to metal atoms. The linear
distribution is predicted by Li [2] and Baranowski [9,10], and verified by
the present authors whereas the non-linear form is proposed by Kandasamy [6,7] and Simon and Grzywna [11,12].

the partial molar volume of hydrogen in the metal; Y 5 E /
(1 2 n ), E is Young’s modulus; n is Poisson’s ratio; R is
the molar gas constant; T is the temperature in K. Strictly
speaking, x in Eq. (3) should be replaced by the difference
between x and its homogeneous initial value x 0 , although
the latter contributions cancel each other.
Applying the mass balance condition to the flux expression, one obtains [7–12]:
≠x
≠ 2x
] 5 Ds1 1 us xd ]2 1 Dus
≠t
≠z

DA(t)u ≠x
]
S]≠x≠z D 1 ]]]
L
≠z
2

s

(4)

with the boundary condition [9,11].
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where x* is the value of x at the outer-surfaces corresponding to the imposed hydrogen pressure (for gas phase
technique) or the applied potential (for electrolytic technique) under the stress free condition.
Firstly, we attempt to solve Eq. (1) analytically for the
steady-state diffusion. Because A(t) and J are all time
independent in this case, Eq. (1) is reduced to an ordinary
differential equation and x is uniquely determined by z. By
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Because A.0 and x decreases with z, it is easy to find that
the logarithm function in Eq. (8) decreases monotonically
with z. We can prove that the integration is larger than zero
in much the same way as that for A in Eq. (7). This means
that A 5 LJ /DC0 is the only root of this equation. From
Eq. (6), we obtain easily:
LJ
x 2 x R 5 ]] (1 2 z /L)
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This is exactly the linear distribution expected. Furthermore, x 5 x* can be derived from Eq. (5), which reveals
that the self-stress is released completely as predicted by
Li [2] and Baranowski [9,10].
On the other hand, we can solve Eq. (4) numerically
with the boundary condition of Eq. (5) and the initial
conditions. For example, we choose as boundary conditions x*50.2 at z50 and x*50.1 at z5L, and as initial
condition x 0 50.1 at 0#z#L. This choice is similar to that
of Simon and Grzywna [9], i.e. the hydrogen concentration
at the upstream side increases two-fold at t50. The spacetime variation of hydrogen concentration is shown in Fig.
2, the prominent decrease of hydrogen concentration near
z5L at initial short times can be seen as described before
[6–11]. When Dt /L 2 5 1 / 2, the distribution of hydrogen
apparently approaches the linear profile, as expected. In the
calculation, the parameter us x 0 is 0.5, being much greater
than that adopted by Simon and Grzywna [11]. They
concluded that there will be an opposite flux in the plate
besides the concave distribution of hydrogen when us x 0 .
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of hydrogen concentration in plates at steady state. However, our results indicate that these complex phenomena
cannot be understood by the simply picture and there must
be other factors that have not been considered being
concerned.
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Fig. 2. Space–time variation of hydrogen concentration in a thin diffusion membrane. The parameters: us x 0 5 0.5; boundary conditions: x*5
0.2 at z50 and x*50.1 at z5L; initial condition: x 0 50.1 at 0#z#L.

0.02. But our results give neither the non-linear distribution nor an opposite flux.
Eq. (9) and Fig. 2 show clearly that the linear profile of
hydrogen in the plate is the only solution for the steadystate diffusion. Any non-linear solution is either erroneous
or inconsistent. For example, Kandasamy [7] has predicted
a quadratic form of non-linear distribution. As predicted by
Baranowski [10] and Simon [12] this form will induce the
flux and concentration change with location and this is in
conflict with the assumption of a steady state. On the other
hand, it is hard to imagine that this non-linear function,
even much more complicated, cannot be expanded in
Taylor’s series if it indeed exists. Our results also indicate
that determination of the diffusion coefficient by the
relation D 5 LJ /DC (DC is the concentration difference
between these at two sides) is valid and it is independent of
whether self-induced stress is involved or not. Of course,
this theoretical prediction may face difficulties in experiments due to the complex factors involved [21].
In some experiments [14–20], there are indirect evidences that support the concept of non-linear distribution
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